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Abstract. We consider two-dimensional Schrodinger operators H with Aliaronov-Bohm magnetic 
field and an additional electric potential. We obtain an explicit leading term of the asymptotic 
expansion of the unitary group e~''^ for t — > oo in weighted spaces. In particular, we show 
that the magnetic field improves the decay of e^''^ with respect to the unitary group generated by 
non-magnetic Schrodinger operators, and that the decay rate in time is determined by the magnetic 
flux. 



1. Introduction 

Long time behavior of propagators of Schrodinger operators is known to be closely related to the 
spectral properties of their generator near the threshold of the continuous spectrum. For example, if 
zero is a regular point of a Schrodinger operator ~A + V in i^(R") in the sense of }JKj . then in a 
suitable operator topology 

g-rt(-A+V)p^^ ^(^(^-„/2) t->oo, (LI) 

provided the electric potential y : M" — s- M decays fast enough. Here Pac denotes the projection onto 
the absolutely continuous spectral subspace of —A + V. For n = 3 such dispersive estimates were 
established in |Ral iJel IJK| in weighted spaces. For corresponding — L°° bounds we refer to 
|JSS[ IGSi IWed] in the case n = 1, 3, and to jSchl] in the case n = 2. Situations in which zero is not 
a regular point oi —A + V are studied in great generality in |JK| . see also |ES11 |ES2] . 

On the other hand, very little is known about estimates of type for magnetic Schrodinger 

operators, where —A -I- F is replaced by (iV + A)'^ + V with a vector potential A. Recently it was 
shown in |KKj that for n = 3 equation (jl.ip can be extended to magnetic Schrodinger operators, in 
suitable weighted spaces, under certain decay and regularity conditions on A and V. As for the 
case n = 2, it was proved, see jFFFP| . that holds true when V — and A = Aab is the vector 
potential generating the so-called Aharonov-Bohm magnetic field, see equation (j2.1[) below. 

The aim of this paper is to point out the diamagnetic effect on the dispersive estimates in the 
case n = 2. More precisely, we want to show that the magnetic field improves the decay rate of the 
propagator in dimension two. This is partially motivated by the following fact [Mu[ ISch^ IGoi lEG] : 
if a Schrodinger operator — A + V in L^(R") with n = 1,2 does not have a resonance at zero energy, 
then the time decay of e~**(~^+^) , considered in suitable topology, is faster than the one predicted by 
. Since a magnetic field in generically removes the resonance at zero energy, see [LW| Iw] , it 
is natural to expect a faster time decay for propagators generated by magnetic Schrodinger operators 
with respect to the non-magnetic ones. 

We will prove this conjecture in the case of the Aharonov-Bohm magnetic field, that is for operators 
of the type (iV + AabY + ^ ■ particular, we will show, under suitable assumptions on V , that in 
certain weighted L'^ spaces the associated propagator decays as 

^-l-min,e2|fe-a| ^ t -> OO, (L2) 
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where a is the total flux of the Aharonov-Bohm field, see Theorem 13.61 for details. This is to be 
compared with the decay rate of non-magnetic Schrodingcr propagators, see (jl.ip . In the special 
case y = we obtain a stronger result which provides a point wise upper bound on the integral 
kernel of e^**(*^+"^''''^ , see Theorem 13.11 and Corollary 13. 31 

Note that the decay rate of the unitary group generated by (iV + Aat)^ + V is proportional to 
the distance between the magnetic flux and the set of integers, see (|1.2p . This is expected since 
an Aharonov-Bohm field with an integer fiux can be gauged away and therefore does not affect the 
spectral properties of the corresponding generator. Our main results. Theorem 13.11 and Theorem 13.61 
are presented in section [3l The proofs of the main results are given in section [6l 

Although our paper deals only with the case of the Aharonov-Bohm field, we believe that a similar 
improved time decay should occur for a much wider class of magnetic fields, see Remark 13.91 for 
further discussion. 

2. Preliminaries 

The vector potential 

Aat{x) = {Ai{x),A2{x)) = -^{-X2,Xl) ou \ {0} , (2.1) 

generates the Aharonov-Bohm magnetic field which is fully characterized by its constant flux a. It 
is well-known, see e.g. |AT| . that the operator 

{i^ + Aabf on Co°°(M'\{0}) (2.2) 

is not essentially self-adjoint and has deficiency indices (2, 2). Consequently, it admits infinitely many 
self-adjoint extensions. In this paper we will work with the Friedrichs extension of (|2.2|) which we 
denote by Ha- In order to define the latter we introduce a function space VF^'^(R^) given by the 
closure of C^(M^ \ {0}) with respect to the norm 

The quadratic form 

Qa[u] = Ui\/ + Aab)u\\l,^^,^ (2.3) 

with the form domain W^'^(R^) is then closed and generates a unique non-negative self-adjoint 
operator Ha in L^(]R^). Next we introduce an additional electric potential : — > R and consider 
the Schrodingcr operator 

H = Ha + V in L^{R^). (2.4) 

The operators Ha + V and Hm+a + V are unitarily equivalent for any m S Z. We may therefore 
assume without loss of generality that 

< |a| < — , which implies inin|fc — a\ = \a\. 

2.1. Notation. Given s G R we denote 

^^(R^) = {u : ||w'*it|li2(R2) < oo}, ||w|lo,s := \\w''u\\l2{r2^, 

where ^(x) = (1 -I- ji-p)-'^/^. For x — {xi,X2) & R^ and y = {1/1,1/2) G we will often use the polar 
coordinates representation 

xi+ix2=re'\ yi + iy2 = r' e'^' , r,r'>0, 61, 6*' G [0, 27r). (2.5) 

Given i? > and a point a; G R^ we denote by B{x, R) C R^ the open ball with radius R centered 
in x. By ||ii'||^(s,s') respectively ||iir||^(p_p-i) we denote the norm of a bounded linear operator K in 
3§{s, s') respectively ^(p, p~^)- The scalar product in a Hilbert space ^ will be denoted by (• , •) 
Finally, we denote R_(- = (0, 00) and C+ = {2: G C : Imz > 0}. 
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3. Main results 

3.1. Time decay for e~**'^° . We say that e~**^° {x, y), x, y G is an integral kernel of the operator 
e""^° if 

(e-'*^" u) (x) - / e-'*^" {x, y) u{y) dy (3.1) 
holds for any u E i^(M^) with compact support. 

Theorem 3.1. Let \a\ < 1/2. There exists a kernel e'^^^^" {x,y) o/e~'*^° such that for allx,y E 
it holds 

Inn (zt)-H ^ ; (^) ^/ \a\ < 1/2, (3.2) 



e ullo.-,, < C ||m||o.. V w e i^(M^), s > 1 + |a|, 



lhn(.t)ie--^(.,,) = ^-J^(^^ ./ a. ±1/2. (3.3) 

Moreover, there is a constant C such that for all t > and all x,y G M.'^ 

|e-'*-f^°(a;,y)| < C mm{t-\ (r/)'"' t^i-l"! }■ (3-4) 

Remark 3.2. In |FFFP[ Thm.1.3 & Cor.1.7] it was shown that 

sup I e^**'^° (x, y) I < const t^-^. 

This obviously yields the first part of p.4p . Moreover, the decay rate t'^ in the above estimate is 
sharp. However, the second term on the right hand side of p.4p shows that for fixed x and y the the 
kernel e~'*^°(x,j/) decays faster than t~^. 

Inequality p.4p implies 

Corollary 3.3. There exists C > such that for all t > we have 

-itH, 

\\yj-s^-^tH^ u\\^ <C \\w' ii|Ui(K2) V ?i e LliR'), s > \a\, 

where Ll{M.'^) = {u : \\w'^ u||li(r2) < oo}. 

Remark 3.4. Improved time decay of semi- groups generated by two-dimensional magnetic Schrodinger 
operators was recently studied in |Ko[ IKr) . 

3.2. Time decay for e~'*^^°+^\ In this case we will introduce another operator norm associated 
to the weight function p : M given by p{x) ~ pi\x\) ~ e'^' . Let 

i2(R2^p) = {u : \\p^^\i\\l2^^2) < oo}, \\u\\p := Wp^/"^ u\\L^R2y 

Wc denote by 3§{p, p'-^) the space of bounded linear operators from L'^{M.'^, p) to L'^(R.'^, p^^). Denote 
by Go S ^{p, p~^) the integral operator with the kernel 

47r ^-^ \a + m\ \ L r' r )/ 

Note that the series on the right hand side of p.Sp converges for all x 7^ y. Moreover, from equation 
(|5.4p below it easily follows that Go G ^(p, p"^). As for the potential V, wc suppose that it satisfies 
the following 
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Assumption 3.5. The function y : ^ R is bounded and compactly supported. Moreover, for 
any u G L^{M^^,p^^) it holds 

u + GoVu^O u = 0. (3.6) 

The motivation for the assumption that V has compact support is twofold. On one hand, it guarantees 
that V £ S§{p~^,p) which is needed in p.6p . On the other hand, the compactness of the support of 
V will play an important role in the proof of absence of positive eigenvalues of the operator Ha + V , 
see Proposition 15. 121 

To proceed we note that since V is bounded, the operator H = Ha + V is self-adjoint on the 
domain of Ha, by Rellich theorem. Let Pc = Pc{H) denote the projection onto the continuous 
spectral subspace of H . We have 

Theorem 3.6. Let < |q;| < 1/2 and let V satisfy assumption \ 3. 5i Denote by Qj £ 3§{p,p~^), j — 
1, 2, the operators with integral kernels 

1 /rr'\l"l 

yi{x,y) 



47rr(l + |a|) V 4 

■la' a\ ■ rfl + lal) /j-T-'s I Q -signal 

4^r2(l + |a- signal) U 

Then, as t oo 

e-**^P, ==(it)-i-|"l(l + Gol/)-^ei(l + yGo)"'+o(t-i-l"l) if |a|<l/2, (3.7) 

e-''"Pc^{it)-'-^''\il + GoV)-'igi+g2){l + VGo)-'+oit-'-\"\) if |a| = l/2 (3.8) 

in SS{p, p^^). In particular, there exists a constant C such that for all t > and all u £ L'^{M?,p) 
we have 



e 



Pcu\\p-i < C t-'-''\\u\\p. (3.9) 



Remark 3.7. The reason why we work with the weighted spaces i^(R^,p) and not with L^(M^) is 
technical. Our goal is to keep track of the diamagnetic effect on e~' , i.e. of the improved time decay 
caused by the magnetic field, observed in the case V = 0. Therefore we employ the perturbation 
approach with Ha as the free operator. This requires a precise knowledge of the behavior of the 
resolvent of Ha near the threshold of the spectrum. Since we don't have a simple formula for its 
integral kernel, contrary to the situation without a magnetic field, we work with the power-series 
(|5.2p below. To make sure that this series converges absolutely in 3§{p,p~^) we have to require a 
very fast grow of the weight function p. Note that super-polynomially growing weight functions were 
used to study decay estimates of non-magnetic Schrodinger operators already in |Ra| . 

Nonetheless, it is reasonable to expect that the claim of Theorem 13 .61 remains true also if i^(]R^, p) 
and L^(R^,p~^) are replaced throughout by Lj(E^) and L^g(]R^) with s large enough. 

Remark 3.8. Assumption 13.51 ensures that the operators 1 + GqV and 1 + VG^ are invertible in 
3§{p^^ , p^^) and -SS^p^p) respectively, see the proof of Lemma l5.3l and Remark 15.41 for details. Hence 
(1 + GoV^)^^ Gj (1 + VGq)^^ are well defined and belong to ^M{p,p^^). Note also that in the case 
V = Q equations p.7p and p.8p agree with the asymptotic (|3.2p and p.3p . 

Remark 3.9. Our method does not enable us to extend the above results to a more general class 
of magnetic fields. On the other hand, decay estimates on the magnetic heat semi-group obtained 
recently in jKol IKrj suggest that for a sufficiently smooth magnetic field B = rot A with a finite total 
flux a one should be able to observe, in a suitable operator topology, that as t — !■ oo 

e-''^'^+'''>" = 0{t-^ log-2 t) if a e Z. 
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This question remains open. 



4. Partial wave decomposition 

The quadratic form associated to Ha in polar coordinates (r, 6) reads as fohows: 

/•oo /'27r 

Qa[u]= / {\druf + r-'^\ideu + auf)rdrde, ueW^'^{R^). (4.1) 
Jo Jo 

By expanding a given function u G L^(IR+ x (0, 27r)) into a Fourier series with respect to the basis 
{e""^}„igz of L^((0,27r)), we obtain a direct sum decomposition 

ffa = 51 ®(^'"®i^)nm, (4.2) 
where /im are operators generated by the closures, in L^(R+, rdr), of the quadratic forms 

Qrn[f]-f {\fr+^-^^\f\')rdr (4.3) 
defined initially on C,^(R+), and n„i is the projector acting as 



5. Resolvent estimates 

In order to prove Theorem 13.61 we will follow the strategy developed in |JK| . This requires precise 
estimates on the resolvent of (H — z)~^ and its derivatives with respect to z. Such estimates are the 
main objects of our interest in this section. 

5.1. Low energy behavior. Let us denote by Ro{a, z) = {Ha — z}^^ the resolvent of the free 
operator Ha- In order to study the behavior of Ro{a, A) for A — > 0, A G (0, oo), we first consider the 
resolvent kernels of the one-dimensional operators hm associated with quadratic form (j4.3p . From 
[Ko[ Sect. 5] it follows that for A £ (0, oo) and r < r' 

{h,n- Xy^ir,r') = y J\,n+a\{rVJ){j\rn+a\ir'y^) + iY\,n+a\{r'y^)) , 

where and are the Bessel functions of the first and second kind respectively. When r' < r, then 
we switch r' and r in the above formula. In the sequel we will assume for definiteness that r < r' . 
By (1121) and (^3]) we get 

i?o(a,A,x,2/) = \Y. •^|a+,n|(^^^)(>/|a+m|(^'\/A) + zl^„+,„|(r'\/A))e™(^-«') (5.1) 
Using |AS[ Eqs. 9.1.2, 9.1.10] and the well-known properties of the Gamma function, namely 

r(z + i) = zr(z), r(2)r(i-;^) = -^, 

smlTTz) 
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we can further rewrite (|5.ip in the power-series in A as follows: 

i?o(a,A,x,y) =Go(a;,y)+Gi(x,2/)Al"l + G2(a;, y) Al™na| (5 2) 



1 , , / 7- \ a+m , 



a— sign a 



fe,„>o,fc+n>o n\k\in+\a + m\)---\a + m\--- {\a + m\ ~ k) 

^-COt(7^|a|) ^ (_ l ^/2)fc (_ l ^2)n (^^/)|a| ^fc+n+|a| 

+ r(n + H + i)r(fc + H + i) 

■ r,r^f I'^l^, _L I 1 T,'2^fe / I J2\ii ( l\\a+m\ \k+n+\a+m\ 

, tmce-e') » - cot(7r|Q; + ?7i|) {-j r ) [-jr ) (rr )< < ^ 

^ 4i+|«+m| r(n+|a + TO| + l)r(fc+|a + TO| + l) ' 

where Go{x,y) is given by (j3.5p and 

^ , , z — cotfTrlal) /rr'\ l"l 

^^^"'"^^ 4n(i + H) l~J ' 

,A - ,»(e'-e)sig„a ^ - cot(7r|a - signa|) /tVx 
^^^""'y)-^ 4r2(l + |a- signal) U J 

Denote by Gj, j = 1,2, the respective integral operators generated by the kernels Gj{x,y). 

Lemma 5.1. The series of integral operators (j5.2p converges absolutely in SS{p,p^^) and uniformly 
in A on compacts of [0, oo). In particular, we have 

i?o(a,A) = Go + Gi AI"I +G2Al"-"'sna| _^^(^|a-signa|) ini^(p,p-i). (5.3) 

as A — !■ 0. Moreover, the operator Ro{a, A) generated by the integral kernel (j5.2p can be differentiated 
in A on (0, 1) any number of times in the norm of M{p, p^^). 

Proof. If K is an integral operator from L'^{M.'^, p) to L'^iM? , p^^) with an integral kernel k{x,y), then 
||X||^(,,,-i) < ||X||h5= ( / / \k{x,y)\'p-\x)p-\y)dxdyy^\ (5.4) 

where || • \\hs denotes the Hilbert-Schmidt norm. It is thus easily verified that the series of operators on 
the right hand side of (|5.2p converges absolutely in p~^) for any A > and that the convergence 
is uniform in A on any compact interval of [0, oo). The same argument applies to ^^i?o(Q^, A) for any 
r e N. □ 

Corollary 5.2. Let R'o{a, A) and i?o (a. A) denote first and second derivative of Ro{a, A) with respect 
to A in the norm of lM{p, p^^). Then, as A — > 0, we have 

R'oia, A) = |a| Gi AI"I-i + o(AI"I-1), i?^,'(a, A) = |a|(|a| - l)Gi A'^I-^ + o(AI"I-2). (5.5) 

in M{p,p~^). 

Proof. This follows from Lemma l5. II □ 

The perturbed resolvent. Next we consider the full resolvent R{a, z) = (H — z)~^ of the operator 
H = Ha + V in L^iR"^). 



Lemma 5.3. Under Assumption \3. 51 we have 

(1 + i?o(a. A) V)-^ = (1 + GfiV)-^ - (1 + GoV)-^ Gi ^ (1 + GoV)-^ A'"! + o(AI"I) (5.6) 
as A ^ m ^{p^^,p^^). 
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Proof. Both operators GqV and GiV are Hilbert-Schmidt, and therefore compact, from L^(R^,p~^) 
to L2(M2,p"^). Hence by ([3?6ll the operator 1 + GqV is invertible in 3§{p-^,p-^). On the other 
hand, in view of (|5.3|) we have 

l + i?o(a,A)l/ = l + Gol^ + GiyAl"l +o(AI"I) (5.7) 

in 3§{p~^ , p~^). Here we have used the fact that V G ^{p~^,p). It foUows that for A small enough 
the operator 1 + RQ{a, X)V can be inverted, and with the help of the Neumann series and we arrive 
at (EH)- □ 



Remark 5.4. The operator VGq is compact from L^(IR^,p) to Hence by equation (|3.6p 

and duality 1 + VGq is invertible in ^{p, p). 

Lemma 5.5. Under Assumvtion \3.5\ we have 

i?(a,A) =ro + TiAl"l +o(Al"l) (5.8) 

as A — > m SS{p, p~^), where 

ro = (l + Goy)-iGo, Ti = {l + GoVr^Gi{l + VGo)-\ (5.9) 

Proof. Since 1 + RQ{a, A) V is invertible in p~^) for A small enough, the resolvent equation 

yields 

R{a, A) = (1 + i?o(a. A) i?o(a. A), (5.10) 



which in combination with ()5.3p and (|5.6p gives equation (|5.8p with 

Ti = (1 + GoV^)-i Gi - (1 + GoV)-^ GiV (1 + Goy)"^ Go 

in ^{p,p~^). To simplify the above expression for Ti let us consider u G L^(R^,p) and denote / = 
Gou€ L2(m2 p-i)^ gjj^^g (l + Goy)"i / = 5if andonlyif / = g + Go^g, and il + VGo)'^Vf = 
if an only if Vf = Vg + VGoVg, we find out that V {1 + GqV)-^ Gqu = (1 + VGo)'^ VGqu. Hence 
the identity 

V{l + GoVy^Go^ il + VGo)-^VGo (5.11) 
holds on L^(M^,p), which implies that 

Ti - (l + Goy)-iGi(l + yGo)-^ 

□ 

Corollary 5.6. As X^O, 

i?"(a,A) = |a|(|a| -l)(l-Toy)Gi(l-rol/)Al"l"2 + o(Al"l-2) m .^ip,p~^). (5.12) 

Proof We use the identities 

i?'(a. A) = (1 - R{a, X)V) R'o{a, A) (1 - VR{a, A)) (5.13) 
i?"(a, A) = (1 - R{a, X)V) R'^ia, A) (1 - VR{a, A)) - 2R'{a, A) ^ i?o(a, A)(l - VR{a, A)), (5.14) 

which hold in B{p, p^^) in view of the resolvent equation R = Rg — Rg VR. The claim now follows 
from Corollary 15.21 and Lemma [5.51 □ 
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5.2. High energy behavior. Here we will use the operator norms in the weighted spaces L^(M^). 
When s = wc write ||uj|o instead of ||w||o,o- We denote by 3S{s,s') the set of bounded operators 
from Ll{m?) to L^,(M^). Obviously for any K € 3S{s,s') we have 

p'<s'<s<p => < ||A'||„^(,,,,). (5.15) 

According to [ITl Prop. 7.3], the operator i?o(Q;,A) belongs to ^(s,— s) for any s > 1/2, and the 
limit 

lim R^fa, X + ie) = Ro{a, X), in ^(s,—s) (5.16) 

e->-0+ 

is attained locally uniformly in A on (0, oo). 

Lemma 5.7. If s > 1/2, then Ro^a^X) is continuous in X on {0,oo) in the norm of .^{s, —s). 

Proof. First we show that for any s with s < 1 and any z € C with Imz 7^ we have Ro{a,z) g 
£§{s, s). Given u e ^^(R^), we have 

\\Roia, z) u||o,s < II i?o(a, z) w" u\\o + \\ [Ro{a, z), w"] u||o 

= \\Ro{a,z)w''u\\o + \\[Ro{a,z)[Ha,,w'']Ro{a,z)u\\o. (5.17) 

In the polar coordinates Ha acts as 

Ha - -d'r - ^dr + ^{idg + af . 
Hence when calculated on functions from C^(M^ \ {0}) the commutator [Ha,uj^] reads as 

[Ha^w"] = -s w{ry-^ (sr^ + 2) - 2s r wir)"-^ dr, 

where r = \x\. Since s < 1, the first term on the right hand side is bounded. Moreover, from (|4.ip it 
follows that for for every / S L^(IR^) 

\\drRoia,z) f\\l2(^^2-^ < I (/, i?o(a,z),/)^2(K2)l + \z\ Po(a, 2:) /||i2(R2). 

This in combination with (j5.17p and the fact that 

Po(a,z)IU(o,o) ^ (5-18) 



||i?o(a, z) uWo.s < C [-^ + -j^) \\u\\o.s. (5.19) 



gives 

1 , \z\ 
,|Imz| |Imz| 

Now, let A, A' G K and let e > 0. Then by the resolvent equation 

II {Roia, X + ie)- Ro{a, A' + is)) u||o„, = |A - A'| ||i?o(a, A + ie) i?o(a, A' + ie) u||o,s • (5.20) 

Hence in view of (|5.19p . for e small enough 

||(i?o(a, A) - i?o(a, A'))u||o,-s < ||i?o(a, A) - Roia, X + ie)\\gg^s-s)\\u\\Q,s 

+ \\Ro{a, A') - Roia, X' + *e)|| .^(.,-.) h||o„s + Oie-^) \X - A'|(l + |A|)(1 + |A'|) ||w||o„s 

Since the first two terms on the right hand side converge to zero as e — > locally uniformly in A 
respectively A', see (|5.16p . this proves the continuity of i?o(Q;, A) in A e (0, 00) for s G (1/2, 1]. By 
([5T5|) the claim holds for all s > 1/2. □ 

Lemma 5.8. For any e > there exists such that for all s, s' > 1/2 + e it holds 

WRoia, A)|U(,,_,.) < a A-^+^ V A > 1. (5.21) 
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Proof. Let s = 1/2 + e and let u G ^^(R^). We define u\{x) = u{x/V^)- Since Ro{a,\,x,y) = 
i?o(a, 1, -s/Acc, V^y), see equation (|5.1|) . a simple change of variables gives 

||i?o(a,A)u||2^_, <A--^+^||i?o(«,l)||^(,__,) Wu^Wl,. 
On the other hand, ||ua||q^ < Hence 

\\M^A)u\\l_, < X-'+'' \\Ro{a,l)\\%^^^^,^\\u\\l,. 

In view of ()5.15p this completes the proof. □ 

In order to obtain suitable estimates on the derivatives of i?o(Q!, A), we need the following technical 
result. 

Lemma 5.9. Let T = (iV + Aab) ■ x. Assume that s, s' > 5/2. Then for any e > we have 
[iT, Ro{a,X)]=0{X'') in3§{s,-s') as A ^ oo. 

Proof. We introduce the notation Dj = —dj + iAj, j = 1,2 so that iT = DiXi + D2X2. We observe 
that [Dj,Xj] = —1. Hence in view of Lemma [5^ in order to show that \\T Ro{a, X)\\^(^s,-s') = C'(A'^), 
it suffices to prove that for any p > 1/2 and any u G Lp(K^) 

Iju;-^ (xi Di + X2 D2) Ro{a, X)u\\l < 2 \\w^-^ DiRa{a, X)u\\l + 2 \\w^-^ D2Roia, X)u\\l 

= : 2X!{X) + 2XliX) = OiX'n Mlp (5-22) 

as A — ?> 00. Note that w~^^ [Dj, w^^~] = ~w^~^ djw^^^ is a bounded function for j = 1, 2. Hence 
by the Cauchy-Schwarz inequality and (|5.2ip we get 

Xf{X) = (w^'"^ Ro{a,X)u, [D*,w^-'^]DjRo(a,X)u)^ + 



+ {[w^^^ ,Dj]Ro{a,X)u,w^~^ DjRo{a, X)u) ^^^^^^ + {w^^^ Ro{a, X)u, w^^^ D* DjRoia, X)u) ^^^^^.^ 
< 2 Ce A~5+^ Xj(X) \\u\\o^p + {w^-^ Ro{a, X)u, w^-^ D*DjRo{a, X)u)^,^^,y 

In the application of (|5.2ip we used the assumption s' — 2 > 1/2. Now from the identity 

2 

D*Dj Ro{a, A) = Ro{a, A) = l + XRo{a, A) 

and equation (|5.2ip we obtain 

Xf{X) + X|(A) < 4 Ce A-5+- (Xi(A) + X2{X)) |K||o,p + C, X-^+' \\u\\lp + Cl X^' \\u\\lj,. 

This implies (jO^ . To prove that ||i?o(a, A) r||.<g(^__,,) = ©(A^), let u £ C(f (M^ \ {Q}) and write 
Vj = XjU. From (|5.22l) applied to Vj with p = s — 2 we deduce that 

2 

\\w-^{Di Ro{a, X) VI + D2 i?o(a, A) V2)\\l < 2 ^ DjRo{a, X)vj\\l = 0{X^') \\u\\l, (5.23) 

j=i 

as A — ?> 00. Since the operators Dj commute with Ro{a, A) on C5"(M^\{0}), inequality (|5.23p implies 
that 

\\Roia,X)Tu\\l,, ^ 0{X'^')\\u\\l, as A ^ 00 
for all u e C^(R2 \ {0}). By density we conclude that ||i?o(a, A) T|j = OiX"). □ 

Lemma 5.10. Let s,s' > 5/2. Let _Rq'^''(q;, A) denote the k~th derivative of Ro{a, X) with respect to 
X in ^(s, — s'). Then for any e > there exists C^.k such that 

l|i?r(«,A)|U(,,_,,) < C,,fe A-^+^ V A > 1, fc - 1,2. (5.24) 
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Proof. Let T = (iV + ^) • x be the operator introduced in Lemma [531 Then the commutator [ iT, Ha] 
calculated on C^{R^ \ {0}) gives 

[iT, Ha] ^2 Ha. 

This together with the first resolvent equation Ro{a, z) — Ra{a, C) = (z — QR^ia, z)Ro{a, C), z, C € 
C-I-, implies the identity 

[iT, Ro{a,z)] = Ro{a,z) [iT, Ha]Ro{a,z) = 2i?o(a, z) + 2z z). (5.25) 

On the other hand, from Lemma [5.91 it follows that [iT, i?o(a, A)] G ^(s, — s') for A > 1. Equation 
(|5.25p . considered in S§{s,—s'), thus can be thus extended to z = A S M, A > 1. This shows that 
i?Q(a, A) is continuous in A on (1, oo) with respect to the norm of .^(s, —s') and in view of Lemma 
[5:91 

R'Q{a,\) =0{[\[-^+'') in ^(s,-s'), A ^ 00. (5.26) 
Hence equation (|5.24p is proven for fc = 1. To prove it for fc = 2 we consider the double commutator 

2 

\x, [x, Ro{a, z)]] — |a;p Ro{a, z) — 2 XjRo{a, z) Xj + Ro{a, z) [x^ 
and use the identity 

z R'^{a, z) = -SR'oia, z) - 1 [x, [x, Ro{a, z)]] , (5.27) 

which follows by a direct calculation in the same way as equation (|5.25|) . By using the fact that 

x€.^is,s~l) V.seM, (5.28) 

we extend equation (|5.27p . considered in ■^{s,~s'), to z = A G M, A > 1. From (j5.24p for k ^ 1, 
(|5.26p . and (|5.2ip we thus arrive at 

R'^{a,X) ^0{[X[-i+') in /^(s,-s'), A ^ 00. 

The claim now follows. □ 

Corollary 5.11. For any e > and any fc = 0, 1, 2 there exist constants Ce.k such that 

||i?rK^)ll.^(p,p-M < Ce.k V A > 1. (5.29) 

Proof. Since for any S" > there exists Cs such that 

\\R<i{aA)\\sg(p,p-^) < Cs[\Ro{a,\)[\sg(^s.,^s), 
the claim follows from Lemmata 15.81 15.101 □ 

Proposition 5.12. Suppose that Assumvtion \ 3.5\ is satisfied. Then, for any k — 0,1,2 we have 
ana, 

|li?(^)(a,A)|l.^(,^,-i) - 0(A-^+") A ^00. (5.30) 

Proof. Let us first show that the operator H = Ha + V has no positive eigenvalues. To this end 
assume that there exists A > such that H u = Xu. Since V is compactly supported, there exists 
i? > such that V ~ outside the ball B{Q, R). We can thus use decomposition (|4.2p to obtain 

KJ,n{r)^Xf,nir) VmeZ, V r > i?, (5.31) 

where 

/™M = ^(e™^u('^,e))^.(o,,,) 

and hm is the operator associated with quadratic form Qm given by (|4.3p . A direct calculation now 
shows that fm is a linear combination of the Bessel functions J|m_|_c<| (r-\/A) and y|m+a| ('"s/A). Since 
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any non-trivial linear combination of these functions lies outside L^{{R, oo), rdr), see [AS| Eqs. 9.2.1- 
2], we conclude that /,„ = on (_R, oo). By the unique continuation principle we then have fm = 
on K-|_ for all m and therefore u = 0. Hence A is not an eigenvalue. 

Next, since Ro{a,X) is Hilbert-Schmidt, and therefore compact, from L^(R^,p) to 
and V € ^{p~^,p), we observe that VRo{a,X) is compact from L^(R^,yo) to L^(M^,/9). Moreover 
the fact that H has no positive eigenvalues implies that —1 is not an eigenvalue of VRo{a, X) in 
^{p,p) for any A £ (0,oo). Hence the operator 1 + VRo{a, A) is invertible in 3§{p,p) and its inverse 
is continuous with respect to A in the norm of ^{p,p). The latter follows from the continuity of 
VRo{a,X) in 3§{p,p). Now equation (|5.10p implies that R{a,X) G ^{p,p~^) and that R{a,X) is 
continuous in A € (0, oo). 

Finally, since \\V Ro{a, X)\\^(^p^p) — > as A — > oo, by CoroUarv 15.111 we conclude that (1 -|- 
VRo{a, X))~^ is uniformly bounded for A — > oo in the norm of ^{p,p). In view of (|5.10p and 
CoroUarv 1 5 . 1 1 1 we thus get 

|ii?(«,A)|j,^(,^,-i) = O(A-^+0) A^cx). 

This proves (|5.30p for fc = 0. The proof for fc = 1 and k = 2 now follows from (|5.30p with k = 0, 
identities ([5TT3| . (|5TT4)) and Corollary [5?TT1 □ 

6. Time decay 

6.1. Proof of Theorem 13.61 For the sake of brevity we will prove the statements of Theorem 13.61 
only for \a\ < 1/2. The proof in the case \a\ = 1/2 is completely analogous. By the spectral theorem 
and the Stone formula we have 



e 



^*^Pc= / e~''^E{a,X)dX, (6.1) 



where 

£;(a. A) = -Imi?(a,A). (6.2) 

TT 

Let X S C°°(0, oo) be such that x(x) = for all x large enough and x(.t) = 1 in a neighborhood of 0. 
Since E"{a, X) £ L^{{S, oo); ^{p, p~^)) for any 5 > in view of Proposition l5.12l we can apply jJK| 
Lemma 10.1], see Lemma [A. II in Appendix lAl to obtain 

e-'*^{l-x{X))E{a,X)dX = o{t-'^) as t ^ oo (6.3) 



in ^^{p,p ^). On the other hand, for A we have by (|6.2p and Lemma [575] 
S(a,A) = SiAI"I +£;2(a,A), ^2(0, A) = o(aI"I ), 

where 

r(i + \a\) 

Moreover, by CoroUarv 15.61 we know that £2(0, X) ~ o(AI"I~^) as A 0. Hence from |JK| Lemma 
10.2], see Lemma [A. II in Appendix [Al applied to x(A) E2{ct, A) it follows that 

Ro^n- xwx = ^ry^-i-l"!^ f ^ 



e-'''' xW Mo^A) dX = o{t 

Finally, since xW = 1 in a vicinity of zero, the Erdelyi's lemma about asymptotic expansion of 
Fourier integrals, see jErd2j or [Zl p. 639], gives 

g-^tA ^ (lt)-l-|«l r(l + |a|) + 0(t-l^l"l) t ^ 00. 

Summing up, we have 

^-^tH ^ r(l + \a\) El + o(i-i-l"l) 
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in S§{p,p ^). This completes the proof of p.7p . Equation p.Sp follows in the same way with Ei 
replaced by 

— (1 + G^v)-' {g, + g^) (1 + vG^)-\ 

r(i + |a|) 

Estimate p.9p is now immediate since || e~' *^ Pc wj|p-i < ||u||p for all t > 0. 

Remark 6.1. In principle it would be possible to extend the above analysis and obtain higher order 
terms in the asymptotic expansion for e~^^^ Pc as t oo. 

6.2. Proof of Theorem 13.11 We first establish an explicit formula for e~**^° (x, y). This has been 
done already in |FFFP| . For the sake of completeness we provide an alternative derivation. To start 
with we consider the one-dimensional operators hm in (IR+ , rdr) associated with the closure of the 
quadratic form Qm given by equation (|4.3I) . 

Lemma 6.2. Let f G L'^{R^,rdr) be compactly supported. Then for all t > we have 

/)M ^ ^ I [^) mr'dr'. (6.4) 

where I\m+a\ is the modified Bessel function of the first kind. 
Proof. Recall the integral representation 



I^{z) = T--TT (l- sy-^ e'" ds, zee, (6.5) 

see [AS[ eq.9.6.18]. Consider now the operator 

Lm^UhrnU-^ in L'^{R+,dr), (6.6) 

where U : (R-|_ , r dr) — > L^{Rjf-,dr) is the unitary mapping acting as {U f){r) = r^^'^f{r). Note 
that Lm is subject to Dirichlet boundary condition at zero and that it coincides with the Friedrichs 
extension of the differential operator 

dr'^ j,2 

defined on C^(M+). From [Kol Sect. 5] we know that 

W^L,,W-^\{p)^p<^{p), ^ e W,n{D{L„,)), (6.7) 
where the mappings Wm, : L^(M+) L^(]R+) given by 

{Wmu){p)= I u{r)^ J\„,+^\{r^)dr, (W^™V)W = o / fiv)^ J\^n+a\{r^/p) dp, (6.8) 
Jo ^ Jo 

and defined initially on C5"(R-|_) extend to unitary operators on L^(]R+). By jTl Thm.3.1] 



e 



-itL„ 



>0+ 

In view of (|6.7p we thus get 

lim (e-(-+»*)i'" g) (r) = {W-^ g) (r) 



g= lim e-^^+^'^^-g, g^Uf. (6.9) 



e->0+ 



-1 /"OO /"OO 

hm - / e-(^+^*'PJ|™+„|(rVp)J|,„+a|(r'Vp)dp.g(r')dr' 



>o+ 2 



1 f°° , / rr' \ r^+r'^ 

= lim / V?V (— -] e'M^ g(r')dr'. (6.10) 

6^0+ 2{e + it) J Q ' + 'V2(e + i<)/ 

where we have used |Erdl| Eq. 4. 14(39)] to evaluate the p— integral. Moreover, from ()6.5p it follows 
that 

m+a| 



-itL„ 
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for some constant C > 0. On the other hand, by assumptions on / we have (r')^+l'"+"l5(r') = 
(r'y+\m+a\f{r') e L^{R+). Hence using the Lebesgue dominated theorem and (|6.1ip we can inter- 
change the hmit with the integral in (|6.10p and use (|6.9|) to get 

1 f°° /rr'\ t^+t'^ 

Equation (|6.4p now follows in view of (|6.6p and the identity g{r') = ^/r' f{r'). □ 

Now let u € L^(R^) have compact support. Since the projector n,„ commutes with hm ^ id, see 
section m from (|4.2p and (|6.4p we obtain 

(e-*«°^.)(r,0) = ^ ^ (S) e""^'"''^ ^(r', 0') rf^'- (6.12) 

Moreover, in view of the integral representation (|6.5p the series X^mez (iii") ^ 

verges, for a fixed r, uniformly in r' on compacts of M+. We can thus interchange the sum and the 
integral in (|6.12p to conclude that p.ip holds true with 

1 _r^+r^ ^ f rr'\ 



' (-•"'-I^^T'^^SW, e"....-.. ,6.13, 



Assume now that \a\ < 1/2. With the help of (|6.5p it is easily seen that 
Equation p.2p now follows from the identity 

1 



lim z ^ lv{z) 



^^0 ' 2'^r(l + 

see |AS| eq. 9.6.10]. The proof for |a| = 1/2 follows the same line. To prove p.4p we recall that by 
[FFFPl Corollary 1.7] there exists a constant Co such that 



sup |e-**^°(x,2/)| < — Vt>0. (6.14) 

Let us define 

Since |a| < 1/2, from ((gl^ and (|H3]) we deduce that 



\A \v\ 



t 



t 

(a:,y)eR* \y 



sup (^) |e-*^°(x,y)| 



^'^P rrrr |e~**-^°(a;,y)| , sup |-rp-| |e'**-f^°(x,2/)| ^ 



(xr^TeOi M2;| |yK ' {x"y}ea2 M^^l \y\ 

( ^|m+Q|-|c(| ^ 
< max J Ci sup > ; ; ; — , Cn \ ~ C2 t~^, 

I ' o<.<i ^ 2l-+«lr(|m + a| + l/2) ' "/ 



where Ci and C2 arc positive constants. This implies p. 41) and completes the proof of Theorem 13. II 



Remark 6.3. By using the relation Iv{z) ~ e 2 J^iiz), see |AS1 eq.9.6.3], it is easily seen that 
equation (|6.13p agrees with the expression for the Aharonov-Bohm propagator found in |FFFP1 Thm. 
1.3]. 
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Appendix A. 

For reader's convenience we recall below the results obtained in |JK| Lemma 10.1] and |JK| Lemma 
10.2] regarding a function F : — > B, where B is an arbitrary Banach space. 

in a neighborhood of zero and that F" G 
as t — > cx) in B. 

Lemma A. 2 (Jcnscn-Kato). Suppose that F(0) = 0, F{X) ~ for A large enough and that F" G 
L^(((5, cxj); S) for any 5 > Q. Assume moreover that F"{X) = o(A'^^^) as A — > for some (3 G (0, 1) . 
Then 

/ e-''^F{X)dX = o{t-^-^^) as t ^ oo m B. 
Jo 

Remark A. 3. |JKj provides more general versions of the above results. Here we limit ourselves to 
particular situations which suit our purposes. 

Acknowledgements 

G.G. has been supported by the MIUR-PRIN08 grant for the project " Metodi di viscosit, ge- 
ometrici e di controllo per modelli diffusivi nonlineari". H.K. has been supported by the MIUR- 
PRIN08 grant for the project " Trasporto ottimo di massa, disuguaglianzc geometriche e funzionali e 
applicazioni" . 

References 

[AS] M. Abramowitz and I. Stegun, Handbook of mathematical functions. National Bureau of Standards, 1964. 
[AT] R. Adami, A. Teta: On the Aharonov-Bohm Hamiltonian. Lett. Math. Phys. 43 (1998) 43-53. 
[Erdl] A. Erdelyi: Tables of integral transforms, Vol. 2. McGraw-Hill, New York 1954. 

[Erd2] A. Erdelyi: Asymptotic representations of Fourier integrals and the method of stationary phase. J. Soc. Indust. 
Appl. Math. 3 (1955) 17-27. 

[EG] M. B. Erdogan, W. R. Green: A weighted dispersive estimate for Schrodinger operators in dimension two. 
arXiv: 1202.0050vl. (2012). 

[ESI] M. B. Erdogan, W. Schlag: Dispersive estimates for Schrodinger operators in the presence of a resonance 
and/or an eigenvalue at zero energy in dimension three: I. Dyn. Partial Differ. Equ. 1 (2004) 359—379. 

[ES2] M. B. Erdogan, W. Schlag: Dispersive estimates for Schrodinger operators in the presence of a resonance 
and/or an eigenvalue at zero energy in dimension three: II. J. Anal. Math. 99 (2006) 199-248. 

[FFFP] L. Fanelli, V. FcUi, M. A. Fontelos, A. Primo: Time decay of scaling critical electromagnetic Schrodinger flows, 
arXiv: 1203.1771. (2012). 

[Go] M. Goldberg: Transport in the one-dimensional Schrodinger equation. Proc. Amer. Math. Soc. 135 (2007) 
3171-3179. 

[GS] M. Goldberg and W. Schlag: Dispersive estimates for Schrodinger operators in dimensions one and three. 

Comm. Math. Phys. vol. 251 (2004) 157-178. 
[IT] H. T. Ito, H. Tamura: AharonovBohm Effect in Scattering by Point-like Magnetic Fields at Large Separation. 

Ann. Henri Poincare 2 (2001) 309-359. 
[Je] A. Jensen: Local decay in time of solutions to Schrodingers equation with a dilation-analytic interaction. 

Manuscripta Math. 25 (1978) 61-77. 
[JK] A. Jensen, T. Kato: Spectral properties of Schrodinger operators and time-decay of the wave functions. Duke 

Math. J. 46 (1979) 583-611. 

[JSS] J.L. Journe, A. Soffer, C.D. Sogge: Decay estimates for Schrodinger operators. Comm. Pure Appl. Math., 44 
(1991) 573-604. 

[KK] A. I. Komech, E. A. Kopylova: Weighted decay for magnetic Schrodinger equation. arXiv: 1204.1731vl. (2012). 
[Ko] H. Kovafi'k: Heat kernels of two-dimensional magnetic Schrodinger and Pauli operators. Calc. Var. Partial 
Differential Equations 44 (2012) 351-374. 



Lemma A.l (Jensen-Kato). Suppose that F{X) = 
L\R+;B). Then 

e-''^F{X) dX^o{t-^) 



DISPERSIVE ESTIMATES FOR AHARONOV-BOHM OPERATORS 



15 



[Kr] D. Krejcifi'k : The improved decay rate for the heat semigroup with local magnetic field in the plane. Calc. 

Var. Partial Differential Equations, in press. DOI 10.1007/s00526-012-0516-l. 
[LW] A. Laptev and T. Weidl: Hardy inequalities for magnetic Dirichlct forms, Oper. Theory Adv. Appl. 108 (1999) 

299-305. 

[Mu] M. Murata: Asymptotic expansions in time for solutions of Schrodinger-type equations. J. Fund. Anal. 49 
(1982), 10-56. 

[Ra] J. Rauch: Local decay of scattering solutions to Schrodingers equation. Comm. Math. Phys. 61 (1978) 149-168. 
[Schl] W. Schlag: Dispersive estimates for Schrodingcr operators in dimension two. Comm. Math. Phys. 257 (2005), 
87-117. 

[Sch2] W. Schlag: Dispersive estimates for Schrodingcr operators. Mathematical aspects of nonlinear dispersive equa- 
tions, 255-285, Ann. of Math. Stud., 163, Princeton Univ. Press, Princeton, NJ, 2007. 

[T] G. Teschl: Mathematical Methods in Quantum Mechanics With Applications to Schrodingcr Operators. Amer- 
ican Mathematical Society Providence, Rhode Island, 2009. 

[Wed] R. Weder: — Estimates for the Schrodinger Equation on the Line and Inverse Scattering for the 
Nonlinear Schrodinger Equation with a Potential. J. Funct. Anal. 170 (2000), 37-68. 

[W] T. Weidl: A remark on Hardy type inequalities for critical Schrodinger operators with magnetic fields. Op. 
Theory: Adv. and Appl. 110 (1999) 247-254. 

[Z] V.A. Zorich: Mathematical Analysis vol. 2, Springer- Verlag, 2004. 

Gabriele Grillo, Dipartimento di Matematica, Politecnico di Milano, Italy 
E-mail address: gabriele.grillo9poliiiii.lt 

Hynek Kovari'k, Dipartimento di Matematica, Universita degli studi di Brescia, Italy 
E-mail address: hynek. kovar ikaing. unibs . it 



